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Abstract: We study supergravity BPS equations which correspond to mass-deformation
of some representative AdS/CFT examples. The field theory of interest are N = 4, D = 4
super Yang-Mills, the ABJM model in D = 3, and the Brandhuber-Oz fixed point in D = 5.
For these gauge theories the free energy with mass terms for matter multiplets is calculable
in large-N limit using supersymmetric localization technique. We suggest a perturbative
method to solve the supergravity equations. For the dual of mass-deformed ABJM model
we reproduce the known exact solutions. For the mass-deformed Brandhuber-Oz theory our
method gives the holographic free energy in analytic form. For N = 2∗ theory our result is
in good agreement with the localization result.
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1 Introduction
According to the AdS/CFT correspondence [1], classical solutions in supergravity theories
which have string theory origin carry exact information on strongly coupled dual field
theory in large-N limit. Because the construction of analytic solutions in supergravity is
relatively easier than the evaluation of path integral in strongly-coupled regime, in early
days of AdS/CFT we were given lots of results from the supergravity side, most of which
just had to wait until the strongly-coupled field theory result is available. Such predictions
of supergravity include central charge, partition function, and most generally correlation
functions.
We now see the tide is turned, with the recent proliferation of localization results [2]
for supersymmetric field theories in various dimensions. In simple terms, the Newton con-
stant of lower-dimensional AdS (gauged) supergravity gives us the central charge/partition
function of the dual field theory. Confirmation of a long-time mystery in M-theory, namely
the N3/2 scaling of degrees of freedom, with the correct numerical coefficients, has been
achieved for various three-dimensional super-conformal field theories which are realized on
M2-branes [3–10]. We also note that the supergravity solution for M5-branes wrapped on
3-cycles and N3 scaling of the free energy was confirmed with correct coefficients against
field theory computation [11, 12], thanks to the localization results and 3d/3d correspon-
dence reported in [13, 14]. In addition to D = 4 and D = 3 theories, in this paper we will
also deal with the duality of D = 5 gauge theories [15, 16], in particular the ones realized
in massive IIA theory with N5/2 scaling of the degrees of freedom.
Although the free energy in the super-conformal phase has been successfully matched
for a number of AdS/CFT examples, the localization computation actually provides more
information than that. The point is, the localization prescription goes through even with
non-zero mass of matter fields. On the gravity side it leads to a domain wall solution with
non-trivial scalar fields. In other words, while the extension to non-conformal phase on the
field theory side is rather straightforward (at least for certain mass-deformations), the dual
description involves solving quite a non-trivial set of BPS equations in supergravity.
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This program, which we may call mass-deformed precision holography, has been tackled
for several years by now. Freedman and Pufu [17] considered the subsector of maximal
SO(8) gauged supergravity in four-dimensional Euclidean space with scalars dual to mass-
terms of the ABJM model [18]. They found exact solutions to the BPS equations, and
have shown that the holographically renormalized action is consistent with the localization
calculation of partition function with non-zero mass, in large-N limit. Then Bobev et al.
[19] correctly identified the analogous sub-sector of N = 8, SO(6) gauged supergravity in
five-dimensional Euclidean signature, presented the BPS equations, and argued that their
numerical solutions are consistent with the prediction of localization result. Recently this
program was also applied to a duality pair between D = 5 gauge theory and six-dimensional
supergravity, in [20, 21]. More work on the mass deformation of other AdS/CFT duality
pairs can be found in [22–35].
We emphasize that except for the mass-deformed BPS solutions of the ABJM model,
for gravity dual [32] of N = 2∗ mass-deformation of D = 4, N = 4 super Yang-Mills theory
and the dual [21] of mass-deformed Brandhuber-Oz duality, only numerical solutions were
constructed. That clearly implies there is room for improvement. In this paper we aim
to fill this gap and concentrate on solving the BPS equations. Our idea is to introduce
a perturbative parameter and linearize the BPS equations. The BPS equations are, in-
volving scalar fields with a complicated potential, nonlinear. We will see that, using the
perturbation trick, at leading non-trivial order we have a set of nonlinear but homogeneous
equations, and if we manage to solve them, at higher orders we have linear differential
equations. Then solving the BPS equation just reduces to performing integrals. In Sec.2
we re-visit the BPS equations for mass-deformation of the ABJM model, and solve them
using our method to show its power. In Sec.3 we solve perturbatively the BPS equations
for mass-deformed Brandhuber-Oz theory, as presented in [21]. In particular, we re-sum
the series form of a central relation between integration constants of the BPS equations and
present an analytic form of the holographic free energy in terms of the mass parameter.
In Sec.4, we re-visit the BPS equations of N = 2∗ holography, presented in [32]. In this
case, due to log-behavior near UV, explicit integration becomes rather messy. In this paper
we use approximation in terms of a series expansion near IR, to solve our perturbative
equations. We will show that our result is in good agreement with the conjecture made in
[32], and thus also with the localization result. We conclude in Sec.5.
We note that perturbative approaches have been already employed successfully to other
problems in AdS/CFT in different context such as black holes and deformation of boundary
metric, in [36–38].
2 AdS4: mass deformations in ABJM
Let us first consider the ABJM theory [18] as a warm-up. On the gauge theory side we have
N = 6, D = 3 Chern-Simons matter theory, and on the gravity side we have AdS4×S7/Zk.
The Chern-Simons theory has a quiver structure and U(N)×U(N) gauge groups have level
(k,−k) which gives Zk orbifolding of the vacuum moduli space.
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The relevant Einstein-scalar system of the holographic side in Euclidean signature is
derived, as a truncation from N = 8, D = 4 gauged supergravity, in [17]. Eq.(4.1) of this
reference reads
S =
1
8piG4
∫
d4x
√
g
[
−1
2
R+
3∑
α=1
∂µz
α∂µz˜α
(1− zαz˜α)2 +
1
L2
(
3−
3∑
α=1
2
1− zαz˜α
)]
. (2.1)
We use the following form of the metric1,
ds2 = e2A(r)(dr2/r2 + ds2S3). (2.2)
Note that the pure anti-de Sitter case (or the hyperbolic space here since we consider the
Euclidean version) with radius L corresponds to
e2A =
4r2L2
(1− r2)2 . (2.3)
Note that with this parametrization the range of holographic coordinate r is 0 ≤ r ≤ 1.
Upon change of variable r = tanh(u/2), we have an alternative form of AdS metric,
ds2 = L2(du2 + sinh2 u ds2S3) . (2.4)
It is also assumed that all scalar fields zα, z˜α (which are dual to bosonic/fermionic mass
terms) are functions of r only and we keep the isometry of the round S3. Then the BPS
equations which solve the second-order field equations from (2.1) with ansatz (2.2) are (See
eq. (5.20) of [17], and we set L = 1.)
r(1 + z˜1z˜2z˜3)zα′ = (±1− rA′)(1− zαz˜α)
(
zα +
z˜1z˜2z˜3
z˜α
)
,
r(1 + z1z2z3)z˜α′ = (∓1− rA′)(1− zαz˜α)
(
z˜α +
z1z2z3
zα
)
, (2.5)
−1 = −r2(A′)2 + e2A (1 + z
1z2z3)(1 + z˜1z˜2z˜3)∏3
β=1(1− zβ z˜β)
.
In fact, although the above equations look rather involved and non-linear, exact solu-
tions can be given in a rather simple analytic form. One can choose, for concreteness, the
upper signs above and verify
zα(r) = cαf(r), z˜
α(r) = −c1c2c3
cα
f(r). (2.6)
Here cα are three integration constants and all six scalar fields turn out to share the same
profile with
f(r) =
1− r2
1 + c1c2c3r2
. (2.7)
1Compared to the convention of [17], we use the conformal gauge eB = eA/r and set L = 1.
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And finally the conformal factor of the metric is
e2A =
4r2(1 + c1c2c3)(1 + c1c2c3r
4)
(1− r2)2(1 + c1c2c3r2)2 . (2.8)
Using the above configuration, the authors of [17] carefully identified how cα are re-
lated to mass parameters in the dual gauge theory and confirmed that the holographically
renormalized action correctly leads to the S3 partition function of the ABJM theory with
mass terms. In this work, we are not going to add anything to the part of holographic
computation. Instead of that, using cα as small parameters, we will perform a perturbative
analysis to study the behavior of regular gravity solutions. Let us emphasize here that our
perturbative expansion is different from the usual near-UV expansion, and at each order of
the mass parameter cα we will solve the differential equations exactly. What we expect to
obtain is clear: assuming that cα are all small and O() for an auxiliary parameter , we
should obtain
f(r) = (1− r2)− c1c2c3r2(1− r2) + c21c22c23r4(1− r2) + · · · , (2.9)
e2A =
4r2
(1− r2)2
(
1 + c1c2c3(1− r2)2 + 2r2c21c22c23(1− r2)2 + · · ·
)
. (2.10)
Now let us pretend we do not know the exact solutions. We write the unknown functions
as follows and substitute them into the BPS equations.
zα(r) =
∞∑
k=1
kzαk (r) , z˜
α(r) =
∞∑
k=1
kz˜αk (r) , (2.11)
e2A(r) =
4r2
(1− r2)2
(
1 +
∞∑
k=1
kak(r)
)
. (2.12)
At zeroth order of , we have the pure anti-de Sitter vacuum solution and the first two
equations of (2.5) are trivial. The third equation is satisfied with eq. (2.3) and vanishing
scalar fields. Now at O(), the first two BPS equations give (for each α = 1, 2, 3)
zα′1 +
2r
1− r2 z
α
1 = 0, (2.13)
z˜α′1 +
2
r(1− r2) z˜
α
1 = 0. (2.14)
One can easily see that zα1 are proportional to (1−r2), while z˜α1 are proportional to 1−r−2.
Since we want a regular solution in the range of 0 ≤ r ≤ 1, we should set z˜α1 = 0 and
conclude at first order of the perturbation zα1 = cα(1 − r2). Now we treat cα as an O()
quantity, and then plug zα1 back to the second BPS equation and find
z˜α′2 +
2
r(1− r2) z˜
α
2 = −
2c1c2c3(1− r2)
cαr
. (2.15)
This is again easily solved, and imposing regularity one gets
z˜α2 = −
c1c2c3
cα
(1− r2). (2.16)
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We now consider equations at O(3). There appear equations for zα3 , z˜α3 , which satisfy
exactly the same equations as (2.13) and (2.14). z˜α3 should be again set to zero due to
regularity. On the other hand, zα3 ∼ (1 − r2) is allowed, but in fact this can be removed
by re-definition of cα and we can set zα3 = 0. The last equation in (2.5) now gives an
in-homogeneous equation for a3,
(1− r4)a′3 − 4ra3 + 4c1c2c3r(2 + r2)(1− r2)2 = 0. (2.17)
When we solve this equation with the regularity condition at r = 1, we obtain
a3 = c1c2c3(1− r2)2, (2.18)
which agrees with the expansion of (2.10).
This procedure can be obviously repeated to higher orders of : the general feature
is that at the leading order of the perturbation parameter, we have homogeneous first
order differential equations (2.13), and we introduce integration constants which will be
treated as small perturbation parameters. Then at higher orders, the equations are in-
homogenious like (2.15) but due to regularity condition the solution is unique at each
order, since homogeneous solutions are generically singular. This is true in equations for
z˜α, A and in fact at 4, 7 etc there is freedom to add homogeneous solutions of the leading
order. But this freedom can be eliminated by re-definition of , and un-physical. One can
indeed check that the perturbative solutions agree with the series-expanded terms of (2.7)
and (2.8).
Before we turn to the next example, let us add a comment on the advantage of using
the metric (2.2). Usually in the numerical study of holographic flow, the metric ansatz of
ds2 = du2 + e2A(u)ds2S3 would be preferred. In that parametrization, for general solutions
the location of IR u = uIR (where e2A vanishes) is not at u = 0 any more, and uIR varies
as a function of UV parameters. However, because our BPS equations (2.5) have no shift
symmetry in r, and as one can easily verify from explicit integration of our perturbative
equations, the range of r remains in 0 ≤ r ≤ 1 even for  6= 1. At every order of , one
demands regularity at r = 0 (IR) and r = 1 (UV).
3 AdS6: Mass deformation of D = 5 SCFT
Let us now turn to the example of AdS6/CFT5. The example of our interest is the solution
in F (4) gauged supergravity [39]. Unlike other examples we consider in this paper, this
theory is not maximally supersymmetric and the dual field theory also has just half of
maximal supersymmetry. For a long time the higher dimensional origin of this supergravity
was known only for massive IIA string theory, and the AdS vacuum is due to a configuration
of D4-branes, D8-branes, and O8-planes [15, 40]. The quantitative comparison between the
supergravity and gauge theory has been made first in [16], using the localization formula. We
note that recently other uplifting prescriptions to IIB supergravity have been constructed
in [41–43], along the direction of [44–48].
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The associated mass deformations are studied more recently in [20, 21]. In this section
we revisit the computation of Ref. [21], where the authors considered adding vector mul-
tiplets to F (4) supergravity and turned on scalar fields thereof, in order to consider mass
deformation of matter fields on the gauge theory side.
Let us repeat the formulae for the action and the BPS equations as given in [21]. There
will be a slight difference in the presentation of BPS equations, since we choose a different
convention for the metric and the holographic coordinate in order to make our perturbative
results look simpler.
The relevant gravity action in Euclidean signature when truncated to Einstein-scalar
sector is
S =
1
4piG6
∫
d6x
√
g
(
−1
4
R+ ∂µσ∂
µσ +
1
4
Gij(φ)∂µφ
i∂µφj + V (σ, φi)
)
(3.1)
With σ and φi (i = 0, 1, 2, 3), we have in total five scalar fields here. The metric on the
scalar manifold parametrized by φi is
Gij = diag(cosh2 φ1 cosh2 φ2 cosh2 φ3, cosh2 φ2 cosh2 φ3, cosh2 φ3, 1). (3.2)
And the scalar potential is rather complicated,
V (σ, φi) =− g2e2σ + 1
8
me−6σ
[
− 32ge4σ coshφ0 coshφ1 coshφ2 coshφ3 + 8m cosh2 φ0
+m sinh2 φ0
(
− 6 + 8 cosh2 φ1 cosh2 φ2 cosh(2φ3) + cosh(2(φ1 − φ2))
+ cosh(2(φ1 + φ2)) + 2 cosh(2φ1) + 2 cosh(2φ2)
)]
(3.3)
For the supersymmetric case g = 3m and the AdS vacuum has unit radius for m = 1/2.
We choose the metric convention just as in the previous section, and
ds2 = e2A(r)
(
dr2/r2 + ds2S5
)
. (3.4)
All scalar fields are again functions of r only. From the supersymmetry transformation
rules, the BPS equations can be derived. With the metric convention of eq. (3.4), they are
as follows.
re−AA′ = 2(G0S0 +G3S3) (3.5)
re−Aσ′ = 2η
√
N20 +N
2
3 (3.6)
re−A cosφ3(φ0)′ = −(G0M0 +G3M3) (3.7)
re−A(φ3)′ = i(G3M0 −G0M3) (3.8)
Additionally there is an algebraic relation which is also a consequence of supersymmetry.
e−2A = 4(G0S0 +G3S3)2 − 4(S20 + S23). (3.9)
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Note that here we set φ1 = φ2 = 0, which is a consistent truncation of the action and in
fact a requirement of an unbroken R-symmetry [21]. The expressions on the right-hand-side
above include several new symbols which are introduced in order to make the equations
concise.
G0 = η
N0√
N20 +N
2
3
G3 = −η N3√
N20 +N
2
3
S0 =
1
4
(
g cosφ3eσ +me−3σ coshφ0
)
S3 =
1
4
im e−3σ sinhφ0 sinφ3 (3.10)
N0 = −1
4
(
g cosφ3eσ − 3me−3σ coshφ0)
N3 = −3
4
ime−3σ sinhφ0 sinφ3
M0 = 2m e
−3σ cosφ3 sinhφ0
M3 = −2i g eσ sinφ3
Here η = ±1 and the choice is related to the range of r: for 0 ≤ r ≤ 1 we need to choose
η = −1.
In order to obtain the partition function from gravity solutions, one needs to understand
the UV expansion. In [21], the authors used the standard convention of Fefferman-Graham
coordinates for asymptotic AdS and chose the metric ds2 = dρ2/ρ2+ e2f(ρ)ds2s5 . The result
of the series expansion for small ρ is then
f = − log ρ+ fk −
(
1
4
e−2fk +
1
16
α2
)
ρ2 +O(ρ4) , (3.11)
σ =
3
8
α2ρ2 +
1
4
efkαβρ3 +O(ρ4) , (3.12)
φ0 = αρ−
(
5
4
αe−2fk +
23
48
α3
)
ρ3 +O(ρ4) , (3.13)
φ3 = e−fkαρ2 + βρ3 +O(ρ4) . (3.14)
Note that for pure AdS case we have a relation ρ = (1− r)/(1 + r) and A = f between the
two different coordinate choices. When we turn off the scalar fields completely, α = β = 0,
eA = 1−ρ
2
2ρ , and fk = − log 2. Obviously, in perturbative approach α, β, and 2efk −1 should
be treated as small parameters.
We have less scalar fields (three) here than the previous example of mass-deformed
ABJM model (six), but the BPS equations are apparently more complicated. In fact, the
authors of [21] resorted to numerical construction of regular solutions. It turns out that as
one imposes regularity in IR (r → 0) there exists a one-parameter family of solutions. That
means for instance β, fk are determined as functions of α. According to the derivation in
[21], the holographically calculated free energy (the finite part of the on-shell supergravity
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action with Gibbons-Hawking and counter-terms included) is
dF
dα
=
pi2
8G6
βe4fk
(
4− αdfk
dα
)
. (3.15)
Then one can calculate the gravitational-side free energy F (α) by integration and combining
it with the previous result for free energy of the superconformal field theory without mass
deformation, i.e. F (α = 0) [16] in large N limit. The free energy without mass terms is
F (α = 0) = −9
√
2piN5/2
5
√
8−Nf
. (3.16)
Note that in this process the identification of Newton constant in terms of the brane number
N is essential:
G6 =
5pi
√
8−Nf
27
√
2
N−5/2. (3.17)
So far we have reviewed the setup of [21], and now let us turn to our perturbative anal-
ysis. The UV asymptotic behavior above implies that at the leading order of perturbation
we should turn on φ0, φ3, while σ begins to appear at second order. Just as we did in the
previous section, we introduce a parameter  and write
φ0(r) =
∞∑
k=1
kpk(r) , φ
3(r) =
∞∑
k=1
kqk(r),
σ(r) =
∞∑
k=2
kσk(r),
eA(r) =
2r
1− r2
(
1 +
∞∑
k=2
kak(r)
)
.
(3.18)
Substituting them into the BPS equations, we get infinitely many differential equa-
tions, one for each of pk, qk, σk, ak. At the leading nontrivial order, we obtain a system
of homogeneous and non-linear first order differential equations for p1, q1, σ2. We find it
convenient to consider s2 so that
σ2 = (2s2 + p
2
1 + q
2
1)/8 . (3.19)
Then from the first non-trivial order expansion of the BPS equations above, we have the
following conditions. First, from the O(0) part of the first BPS equation (3.5), we have
(one also has to assume p1, q1, s2 are all positive, without losing generality)
s2 =
(
1 + r2
1− r2
)
p1q1 . (3.20)
We then consider the O() equations of (3.7), (3.8) and making use of (3.20) we get
p′1(r) =
−(1 + r2)p1(r) + 3(1− r2)q1(r)
r(1− r2) , (3.21)
q′1(r) =
+(1 + r2)p1(r)− 3(1 + r2)q1(r)
r(1− r2) . (3.22)
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One can easily solve these coupled differential equations, and most generally the solutions
are
p1(r) = c1(3− 4r2 + r4) + c2 (1− r
4)(1− 4r2 + r4)
r4
, (3.23)
q1(r) = c1(1− r2)2 − c2 (1− r
2)2(1 + r4)
r4
. (3.24)
Now due to regularity at r = 0, we should set c2 = 0. Then c1 can be set to any non-zero
value by rescaling . We choose c1 = 1/8, since in that case our  is conveniently identified
with α in (3.11)-(3.14). This fixes s2 as well, through (3.19).
s2(r) =
(
3− r2) (1− r2)2 (1 + r2) /64. (3.25)
So far we have considered only scalar field excitations. At one higher order of each
BPS equation in (3.5)–(3.8), we have four coupled first-order differential equations for
a2, p3, q3, σ4. By themselves it is rather hard to find general solutions. But here the al-
gebraic constraint (3.9) comes in handy. At O(2), it gives an algebraic relation between
a2, p3, q3, s4. One can solve it for e.g. a2, and substitute it back to differential equations.
Then the coupled first-order differential equations for p3, q3, s4 can be solved explicitly, and
the results are
p3 =
4r16 − 32r14 + 100r12 − 112r10 − 491r8 + 214r6 + 2340r4 − 1488r2 + 372
6144r4
+
c1
(
r8 − 4r2 + 1)
r4
− c2
3
(
r4 − 3)− c3
2
(
r4 − 2r2) ,
q3 =
2r16 − 20r14 + 62r12 + 8r10 − 713r8 + 335r6 − 46r4 + 744r2 − 372
6144r4
+
c1
(
r8 − 2r4 + 2r2 − 1)
r4
− c2
3
(
r4 − 1)+ c3
2
(
r2 − r4) ,
s4 = −−16r
12 + 192r10 − 1083r8 + 1484r6 + 2895r4 − 4960r2 + 1488
65536r2
− c1
(
r8 − 3r4 − 4r2 + 6)
16r2
+
c2
48
(
r6 − 9r2 + 8)+ 3c3
64
(
r4 − 4r2 + 3) r2 . (3.26)
We again require that the scalars are finite at IR (r = 0) and vanish at UV (r = 1). These
give us
c1 = −31/512, c3 = −(4096c2 + 1651)/3072 .
For the identification of α =  to hold up to this order, we demand
lim
r→1
s4
(1− r)2 = 0 ,
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and we can fix the coefficient c2 = −99/256. Substituting these values, we obtain
p3(r) =
(
r2 − 1)3 (r6 − 5r4 + 7r2 + 9)
1536
,
q3(r) =
(
r2 − 1)2 (r8 − 8r6 + 14r4 + 40r2 − 47)
3072
,
s4(r) =
(
r2 − 1)2 (r6 − 10r4 + 25r2 − 16)
4096
,
a2(r) =
(r2 − 1)2(r2 − 2)
384
. (3.27)
Obviously we can continue to do this to arbitrarily higher orders in , in principle. At
every order we obtain a system of BPS conditions for a2n, p2n+1, q2n+1, s2n+2: one algebraic
and four coupled first-order differential equations. With the help of the algebraic relation,
we managed to solve the equations explicitly usingMathematica, up to a24, p25, q25, s26. The
solutions at each perturbative are always in polynomial form. This is easy to understand,
because at higher orders we always have the same equations as (3.21)–(3.22), now with
inhomogeneous parts given in terms of lower-order solutions. Graphs of the solutions for
a selection of  = 0.4, 0.8, 1.2, 1.6 are given in Fig.1. Below we present just the next order
results, so that the readers may feel how it will continue.
p5(r) =
(
r2 − 1)5
1474560
(
9r10 − 75r8 + 220r6 − 44r4 − 587r2 + 513) ,
q5(r) =
(
r2 − 1)2
11796480
(
27r16 − 336r14 + 1796r12 − 4704r10 + 5218r8 − 5264r6
+28164r4 − 58048r2 + 33147) ,
s6(r) = −
(
r2 − 1)3
7864320
(
5r12 − 77r10 + 522r8 − 2194r6 + 5825r4 − 8241r2 + 5120) ,
a4(r) = −
(
r2 − 1)4
1474560
(
55r4 − 348r2 + 232) . (3.28)
Once we have explicit results, it is straightforward to work out the relation between α, β,
and fk. We have already arranged α = , so determining β, fk as functions of  gives
β(α), fk(α) as well. From (3.12) and (3.14), we see
efkβ =
4

lim
r→1
[
σ(r)− 3
2
8
(1− r)2
(1 + r)2
]
(1 + r)3
(1− r)3 ,
e−fk =
1

lim
r→1
φ3(r)(1 + r)2
(1− r)2 . (3.29)
Substituting our perturbative results up to a24, p25, q25, s26, we find e−fk = 2 precisely, and
β(α) = −4α− α
3
2
+
α5
32
− α
7
256
+
5α9
8192
− 7α
11
65536
+
21α13
1048576
− 33α
15
8388608
+
429α17
536870912
− 715α
19
4294967296
+
2431α21
68719476736
− 4199α
23
549755813888
+
29393α25
17592186044416
+ · · · , (3.30)
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Figure 1. Graphs of the BPS solutions based on our perturbative analysis. We choose  =
0.4, 0.8, 1.2, 1.6, and lower (higher) curves for φ0, φ3, σ correspond to smaller (larger) values of .
which in fact agrees with the series expansion of −4α√1 + α2/4. Substituting these into
(3.15),
F (α)− F (0) = pi
2
3G6
[
1−
(
1 +
α2
4
)3/2]
. (3.31)
Now let us compare this to the field theory side computation. Using the localization
formula of [49], the authors of [21] computed the large-N limit of the mass-deformed par-
tition function. As a function of µ = N−1/2m (m is the mass of a hypermultiplet in the
fundamental representation of USp(2N) gauge field theory),
F (µ) =
pi
135
(
(Nf − 1)|µ|5 −
√
2
8−Nf (9 + 2µ
2)5/2
)
N5/2. (3.32)
Since in fact µ is an O(N−1/2) quantity, the above result can be trusted only for the leading
order correction, i.e. O(µ2) term. Matching it against the gravity computation only allows
us to establish a relation between α (from gravity side) and µ (from field theory side). We
find µ/α = 3
√
30
20 = 0.821584. We note that the numerical analysis of [21] gave 0.81 instead.
2
2After the first version of this article was submitted, through private communications, we were informed
by J. Kaidi that using improved numerical methods the authors of [21] had found the value was closer to
0.82.
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4 AdS5: N = 2∗ theory in D = 4
Let us now turn to the archetype of AdS/CFT, i.e. N = 4, D = 4 super Yang-Mills
theory and its mass deformations. We consider here adding mass terms to two of the chiral
multiplets and keeping N = 2 supersymmetry. This is usually called N = 2∗ theories. On
the field theory side, when there is N = 2 supersymmetry one can apply the work of Pestun
[2] for localization computations. In the large-N limit, the result for free energy gives [50]
FS4 = −
N2
2
(1 +m2a2) log
λ(1 +m2a2)e2γ+
1
2
16pi2
. (4.1)
Here m is the mass of the hypermultiplet in N = 2∗ theory, and the theory is put on the
S4 with radius a. Because the Euler-Mascheroni constant γ implies that this result as it
stands is scheme-dependent, the authors of [19] suggested we consider
d3FS4
d(ma)3
= −2N2ma(m
2a2 + 3)
(m2a2 + 1)2
, (4.2)
where γ disappears. The next task is then to construct BPS solutions on supergravity
side, turning on the scalar fields which are dual to the mass terms of the field theory. One
evaluates the holographically renormalized action, and identify the parameter of the gravity
solution which is dual to m, and check if F (ma) from the gravity side computation also
satisfies (4.2). This assignment was undertaken in [19] and the authors claimed agreement
based on numerical solutions in supergravity.
Let us now look at the gravity side computation more closely. We are given the maximal
gauged supergravity in D = 5, and consider a truncated action (in the Euclidean signature)
with scalars corresponding to mass terms of the chiral multiplets. Here we re-visit the
analysis in [19], and illustrate how our perturbative approach improves the gravity side
computation. The truncated action contains three scalar fields η, z, z˜, which are to be
associated with various mass terms on the gauge theory side.
L =
1
16piG5
[
−R+ ∂µη∂
µη
η2
+
4∂µz∂
µz˜
(1− zz˜)2 + V
]
,
V ≡ − 4
L2
(
1
η4
+ 2η2
1 + zz˜
1− zz˜ +
η8
4
(z − z˜)2
(1− zz˜)2
)
.
(4.3)
The field equations allow BPS property, and the first-order equations without the warp
factor are
z′ =
3η′(zz˜ − 1) [2(z + z˜) + η6(z − z˜)]
2η [η6(z˜2 − 1) + z˜2 + 1]
z˜′ =
3η′(zz˜ − 1) [2(z + z˜)− η6(z − z˜)]
2η [η6(z2 − 1) + z2 + 1]
(η′)2 =
[
η6(z2 − 1) + z2 + 1] [η6(z˜2 − 1) + z˜2 + 1]
9η2(zz˜ − 1)2
(4.4)
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The warp factor eA in the metric convention of ds2 = e2A(dr2/r2 + ds2S4) is determined by
the scalar fields in the following way.
η′
η
=
[
1 + z2 + η6(z2 − 1)] (A′ ∓ e−A)
2(1 + z2) + η6(1− z2)
η′
η
=
[
1 + z˜2 + η6(z˜2 − 1)] (A′ ± e−A)
2(1 + z˜2) + η6(1− z˜2)
(4.5)
There is also an algebraic constraint,
e2A =
(zz˜ − 1)2 [η6(z2 − 1) + z2 + 1] [η6(z˜2 − 1) + z˜2 + 1]
η8(z2 − z˜2)2 . (4.6)
One can check that the above six equations are consistent with each other and also with
the second order field equations which are derived from the action (4.3).
For our purpose, we also need to analyze the UV expansion of BPS solutions. Trans-
lating the result of [19] to the metric convention ds2 = dρ2/ρ2 + e2f(ρ)ds2S4 , for small ρ we
have
e2f =
1
4ρ2
+
1
6
(µ2 − 3) +O(ρ2 log2 ρ)
η = 1 + ρ2
[
−2µ
2
3
log ρ+
µ(µ+ v)
3
]
+O(ρ4 log2 ρ)
(z + z˜)/2 = ρ2(−2µ log ρ+ v) +O(ρ4 log2 ρ)
(z − z˜)/2 = ∓µρ∓ ρ3
[
−4
3
µ(µ2 − 3) log z + 1
3
(
2v(µ2 − 3) + µ(4µ2 − 3))]
+O(ρ5 log2 ρ)
(4.7)
Here µ, v are integration constants, and if we further impose regularity at IR (where e2f →
0) there should be a one-parameter family of regular solutions. Namely, we expect to find a
functional relation between v and µ. This parameter of course should be related to the mass
parameter in N = 2∗ theory. Based on numerical solutions, the authors of [19] conjectured
that for regular solutions
v(µ) =
∞∑
k=1
v2k−1µ2k−1
= −2µ+ µ3 + µ
5
2
+
µ7
3
+
µ9
4
+ · · ·
= −2µ− µ log(1− µ2) .
(4.8)
Through holographic renormalization, the free energy of the N = 2∗ theory on S4 should
be given in terms of v(µ), and according to [19]
d3F
dµ3
= −N2v′′(µ) . (4.9)
When one substitutes (4.8) into this, one gets F ′′′(µ) = −2N2µ(3− µ2)/(1− µ2)2 and it is
the same as the field theory computation (4.2) if we identify µ = ±ima.
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Let us now treat the BPS equations perturbatively. We use a similar expansion in ,
which will be identified with µ.
z(r) =
∞∑
k=1
kzk(r), z˜(r) =
∞∑
k=1
kz˜k(r),
η(r) =
∞∑
k=2
kηk(r),
eA(r) =
2r
1− r2
(
1 +
∞∑
k=2
kak(r)
)
.
(4.10)
The UV expansion in (4.7) in fact implies that we may set z2k = z˜2k = η2k−1 = 0 for
k = 1, 2, 3, · · · . From the leading nontrivial order of (4.5), one derives
η2 =
z˜21 − r2z21
3(1− r2) , η
′
2 =
4r(z21 − z˜21)
3(1− r2)2 . (4.11)
Substituting these into the (leading nontrivial order of) first two equations of (4.4), we
obtain
r(1− r2)z′1 + 3z1 + z˜′1 = 0, (4.12)
(1− r2)z˜′1 + r(z1 + 3z˜′1) = 0. (4.13)
The general solution of the above equation is
z1 =
c1(1− r2)2
r3
+
c2(1− r2)
r3
[
2r − (1− r2) log
(
1 + r
1− r
)]
, (4.14)
z˜1 =
c1(1− r2)2
r
− c2(1− r
2)
r
[
2r + (1− r2) log
(
1 + r
1− r
)]
. (4.15)
Again due to regularity at r = 0, we set c1 = 0. And in order to identify  with µ in (4.8),
we need to choose c2 = −1/8. Then η2 can be determined now using (4.11). Note that this
leading-nontrivial-order result is consistent with the conjecture (4.8), i.e. v′(0) = v1 = −2.
In principle, one may proceed to higher orders in  just as we did in previous sections.
However, the terms containing log in z1, z˜1 contribute to the in-homogeneous part of the
differential equations for a2, z3, z˜3, η4, and their explicit integrations become rather messy.
Instead of pushing analytic computation to higher orders, we have solved the system of
coupled linear differential equations using a series expansion in r. In order to determine
the integration constant, we demand regularity at r = 0 (IR) and r = 1 (UV). Without
explicit integration results, a series expansion provides only approximate values for the
integration constants, and the error affects the coefficients of all orders. We repeated the
same calculation with different truncation lengths. Of course we have better agreement if we
keep more terms. For concreteness we report here the case of using 500th order polynomials
for a2, z3, z˜3, η4. We note that one can read off v′′′(0) by evaluating
v3 = lim
r→1
(z3 + z˜3)(1 + r)
2
2(1− r)2 . (4.16)
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Since the solutions are not analytic at r = 1, we expand at r = 0 and the radius of
convergence for the series is 1. Because of numerical error, the numerator of the right-
hand-side expression in (4.16) is not exactly zero at r = 1. The limiting value of (4.16)
can thus be extracted when we substitute a value which is close, but not too close, to 1
for r. A plot of this expression as a function of log 1+r1−r is given in Fig.2. We see that the
plot approaches the desired value, 1, roughly for 4 . log 1+r1−r . 8, i.e. 0.965 . r . 0.999.
For the next order of perturbation, we utilize the series expansion results for a2, z3, z˜3, η4
as an input to the in-homogeneous part of equations for a4, z5, z˜5, η6. From the plot of
(z5+z˜5)(1+r)2
2(1−r)2 we again see its value is close to the conjectured value of 1/2, for r close to 1.
We provide plots from our approximate solutions for zk + z˜k, for k = 3, 5, 7, 9, 11 in Fig.2.
Although they are not analytic results, our perturbative approach obviously lends support
to (4.8).
5 Discussion
In this paper we have re-visited three problems in non-conformal precision holography.
Most of the papers on this topic use numerically constructed solutions to supergravity field
equations. At first sight it is understandable, since the BPS equations with scalar fields in
supergravity are generically quite involved and analytic solutions are rarely available.
We suggest to use a perturbative technique instead. The AdS vacuum (for our purpose
they are in Euclidean signature, i.e. hyperbolic space) is treated as O(0) solution. Then we
consider small departure from there, and solve iteratively, order-by-order in . We see that
at O() we obtain equations which are not fully linearized yet, but are homogeneous. They
are significantly simpler than the original equations, and we can solve them explicitly for
all the examples we have considered in this paper. Then we substitute this result into O(2)
equations which are first-order and linear. Using elementary technique we can thus reduce
the problems at O(2) or higher, to just ordinary integrals. For AdS4 and AdS6 we have seen
that the computation can be repeated practically to any higher orders. However for AdS5
the integrand contains log terms and explicit integration gets quickly rather cumbersome.
Of course we are familiar with the appearance of log terms in the study of odd-dimensional
AdS: it is due to Weyl anomaly. We guess that in general also other examples of mass-
deformed holography in AdS4 and AdS6 must be easier to solve, while for AdS5 we do not
expect to obtain all-order results.
One may say that the method sketched in this paper is quite elementary, and ask why
this was not tried before (except for references e.g. [36–38], where perturbative method
was applied to problems in different contexts of AdS/CFT). Or, why does this method
work here at all? The reason why our method works nicely is related to the fact that the
mass parameter can be treated as dimensionless, because we put our field theory on the
sphere, not in Minkowski or Euclidean space. Since the free energy is dimensionless, the
mass parameter should always appear in terms of ma where a is the radius of the sphere we
put our field on. On the gravity side this is reflected on the fact that the boundary space
is spherical in our ansatz, e.g. (2.2).
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Figure 2. Graphs of the BPS solutions based on our perturbative analysis. From the top-left one
to the down-left one, we illustrate how our perturbative solution via series expansion agrees with
the prediction v2k+1 = 1/k for k ≥ 1. The horizontal axis in these plots represent log(1/ρ), and
the vertical axis denotes (z2k+1+z˜2k+1)2ρ2 , where ρ = (1 − r)/(1 + r). Because the series expansion
is not analytic at r = 1, the desired limits can be extracted at some value of r close to 1. The
bottom-right plot shows (z + z˜)/2 as function of warp factor A, for several representative values of
. We choose  = 0.4, 0.8, 1.2, 1.6, and lower (higher) curves correspond to smaller (larger) values
of .
Obviously our method can be applied to numerous other examples of AdS/CFT where
we can consider adding mass to matter multiplets and work out the associated BPS equa-
tions. If there is still enough supersymmetry and localization is applicable, we can compare
the gravity result with field theory. The most interesting one would be certainly mass-
deformed N = 4 super Yang-Mills in four-dimensions. One can consider N = 1∗ theory,
whose supergravity BPS equations are presented and solved numerically in [28]. Results of
our method will be reported elsewhere.
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